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1. INTRODUCTION

Present airworthiness standards, FAR 25.571 [I-1], and advisory guidance [1-2] require the
evaluation of damage tolerance for transport category airframe designs. Broadly speaking,
damage tolerance refers to the ability of the design to prevent structural cracks from precipitating
catastrophic fracture when the airframe is subjected to flight or ground loads. Transport category
airframe structure is generally made damage tolerant by means of redundant (“fail-safe”) designs
for which theinspection intervals are set to provide at least two inspection opportunities per
number of flights or flight hours it would take for avisually detectable crack to grow large
enough to cause a failure in flight.

As part of the certification process, an aircraft manufacturer performs tests and analyses to
demonstrate compliance with FAR 25.571. These tests and analyses are generally based upon an
implicit assumption of isolated cracking, i.e., the effect of asingle crack is considered with respect
to the issues of detectable or initial size, fracture-critical size, and rate of growth. The same
genera approach has been adopted for military airplanesf1-3].

Findings from arecent accident [1-4] and subsequent inspections of some older transport
category airplanes have shown that multiple site damage (MSD) can occur in the transport
category fleet. Fatigue (possibly exacerbated by corrosion) may act to form alarge colony of
similar cracks at adjacent details in older airframes. Such cracks, while still too small to be
visually detectable, can suddenly link together to form asingle crack large enough to cause a
fallureinflight. Moreover, the time between MSD formation can be shorter than a typical
inspection interval designed to control isolated cracking. Tolerance to MSD isan implied
requirement of FAR 25.571, but compliance enforcement is generally reserved to the continuing
airworthiness program for older aircraft in those cases where arisk of MSD is suspected or has
been established.

Inspection is an important subject in its own right. Especially when the potential for MSD exists,
means of nondestructive crack detection better than visual inspection must be considered. A
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Comet

On January 10, 1954, a Comet | aircraft (DH 106-1) serial number G-ALY P known as Y oke
Peter disintegrated in the air at approximately 30,000 feet and crashed into the Mediterranean Sea

off Elba. The aircraft was on a flight from Rome to London. At the time of the crash the aircraft

had flown 3680 hours and experienced 1286 pressurized flights (Figures I-2 and |-3).

i

*

Figure |I-I. Photograph of tanker Schenectady.

[Reprinted with permission of the National Academy of Sciences from Brittle Behavior of
Engineering Structures, National Research Council, Wiley, New York 1957.1
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Figure 1-2. Comet | aircraft, circa 1952.

[Reprinted from Jane's All the World's Aircraft, 1953-54, p. 63, by permission of Jane's
Information Group.]
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The design of the Comet aircraft commenced in September 1946. The first prototype flew on July
27, 1949. Y oke Peter first flew on January 9, 195 1, and was granted a Certificate of Registration
on September 18, 195 1. A certificate of airworthiness was granted on March 22, 1952. The
aircraft was delivered to B.O.A.C. on March 13, 1952, and entered into scheduled passenger
service on May 2, 1952, after having accumulated 339 hours. Y oke Peter was the first
jet-propelled passenger-carrying aircraft in the world to enter scheduled service. The Comets
were removed from service on January 11, 1954. A number of modifications were made to the
fleet to rectify some of the items which were thought to have caused the accident. Service was
resumed on March 23, 1954.

On April 8, 1954, only sixteen days after the resumption of service, another Comet aircraft
G-ALYY known as Y oke Y oke disintegrated in the air at 35,000 feet and crashed into the ocean
near Naples. The aircraft was on aflight from Rome to Cairo. At the time of the crash the

aircraft had flown 2703 hours and experienced 903 pressurized flights.

Prior to these two accidents, on May 2, 1953, another Comet, G-ALYV had crashed in a tropical
storm of exceptional severity near Calcutta. An inquiry, directed by the Central Government of

India, determined that this accident was caused by structural failure which resulted from either:

a)  Severe gusts encountered during a thunderstorm.
b)  Overcontrolling or loss of control by the pilot when flying

through a thunderstorm.

After the Naples crash on April 8, 1954, B.O.A.C. immediately suspended all services. On April
12, 1954, the Chairman of the Airworthiness Review Board withdrew the certificate of

airworthiness.

The UK Minister of Supply instructed Sir Arnold Hall, Director of the Royal Aeronautical
Establishment, to complete an investigation into the cause of the accidents. On April 18, 1954,



Sir Arnold decided that arepeated loading test of the pressure cabin was needed. It was decided
to conduct the test in atank under water. In June 1954, the test started on aircraft G-ALY U,
known as Y oke Uncle. The aircraft had accumulated 1230 pressurized flights prior to the test.
After 1830 further pressurizations, for atotal of 3060, the pressure cabin failed. The starting
point of the failure was at the corner of a passenger window. The cabin cyclic pressure was 8.25

psi but a proof cycle of 1.33P was applied at approximately 1,000 pressure cycleintervals. It was
during the application of one of these cycles that the cabin failed. Examination of thefailure

provided evidence of fatigue.

Further investigation of Y oke Peter on structure recovered near Elba also confirmed that the
primary cause of the failure was pressure cabin failure due to fatigue. Theorigininthiscase was
at the corner of the Automatic Direction Finding (ADF) windows on the top centerline of the
cabin.

Y oke Uncle was repaired and the fuselage skin was strain gauged near the window corners. The
peak stresses measured were 43,100 psi for 8.25 psi cabin pressure plus 650 psi for Ig flight and
1950 psi for a 10 ft/sec gust for atotal of 45,700 psi. The material was DTD 546 having an
ultimate strength of 65,000 psi. Therefore, the 1P + |g stress was 70% of the materia ultimate

strength.

Thus, the cause of the failures was determined to be fatigue due to high stresses at the window
corners in the pressure cabin. Thisinvestigation resulted in considerable attention to detail design
in all future pressure cabins and demonstrated the need for full-scale fuselage fatigue tests. The
Comet failures sent a clear message to aircraft designers that the fatigue effects should not be

ignored.
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(@) F-1 11 inflight. (b) F-I 11, plan view showing probable failure
initiation site

[Reprinted from Jane's All the World's Aircraft, 1969-70, p. 329, by permission of Jane's
Information Group.]

(c) Crack in left wing pivot forging of F-l 11 aircraft.

Figure I-4. USAF Tactical Air Command F-I 11A circa 1969.

[Reprinted from Case Studies in Fracture Mechanics, AMMRC MS 77-5, June 1977, Fig. 2, with
permission of General Dynamics Corporation for use of their data.]
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Failureinitiating at rivet holes

In 1988, acommercial transport aircraft experienced an explosive decompression when
approximately 18 feet of the upper crown skin and structure separated from the fuselage whilein
flight at 24,000 feet (Figures1-5a and 1-5b). A flight attendant was swept overboard, but the
crew managed an emergency landing[1-4].

An examination of the remaining structure surrounding the separated area confirmed the
existence of small cracksinthevicinity of severa rivet holesinlap joints prior to the failure of the
fuselage structure. Areas of corrosion and disbonding of glued aluminum skin panelswere
observed in lap jointsin locations adjacent to the fracture surface. The airplane was manufactured
in 1969. At the time of the accident, it had accumulated 35,496 flight hours and 89,680 landings.

Thisfailure was attributed to multiple site damage (MSD). Many small fatigue cracks along a
rivet line joined suddenly to form one or more large cracks. This process defeated the crack
arrest design that was based on growth of asingleisolated crack. A catastrophic failure occurred
since the crack did not turn to produce fail-safe “flapping” of the skin as had been intended.

Concern with the cumul ative effects of metal fatigue in aging airframes as a source of

MSD became a priority following this incident. The MSD in the above aircraft is believed to

have resulted from corrosion, but MSD has been found in other circumstances. |solated cracks
generally continue to grow slowly when they are long enough to constitute “obvious partia
damage” that can be found visually or discovered by means of fuel or cabin leaks. Individual MSD

cracks may be too small to be found by these means.
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(b) Genera view, right side of forward fuselage.

Figure |-5. An aircraft fuselage failure.
[From T. Swift, FAA]
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Propeller blades

In one case, apropeller blade was thrown while flying at 20,000 feet with the cabin fully
pressurized. No damage tolerance had been incorporated in the design of this particular
arcraft. The cabin pressure’ of 4.6 psi (corresponding to anominal skin stress, PR/t = 13
ksi) produced 17 feet of damageto the fuselage. The crew of the aircraft managed a safe
landing. The fuselage material was7075-T6 aluminum. Thismaterial haslow fracture
toughness, so it has little crack stopping ability and generally small critical crack lengths.

Passenger door corners.

All passenger aircraft have problems with the concentration of stress at details such as
doors and windows. In one case, an operator found a corner crack and repaired it. At
that time, the engineering involved was restricted to a static strength analysis of the repair;
fatigue was not considered. Such patches did not alwaysfix the problem since they were
often too stiff and adversely affected the stress distribution local to the patch. This type of
detail has poor fatigue/damage tolerance.

The main problem posed by door cornersis out-of-plane bending. The maximum principal
stressis at 45" across the detail. A subsequent finite element analysis of this configuration
predicted that the stress at the door corner was approximately 2.5 times the design stress.

12 RESULTSOF AIR FORCE SURVEY

Some sense of the sensitivity of structural e ementsto cracking problems and how often they

occur can be deduced from surveys conducted by the Air Force.’

! Additional experienceis also documented in Technical Report AFFDL-TR-79-3 118, Volumelll, titled Durability
M ethods Development - Structural Durability Survev: State-of-the-Art Assessment.
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Figure |-6 shows the distribution and magnitude of service cracking problemsin Air Force
arcraft. Thereareatotal of 3 1,429 major and minor cracking problems recorded on twelve
types of military aircraft. The distribution shows that the mgjority of incidentswerein the
fuselage and wing with about the same number in each.

Figures1-7(a) and (b) illustrate examples of two Air Force surveys of mgjor cracking incidents.
During a 21-month period, in one study (Figure1-7(a)), 1226 major cracking/failure incidents
were reported. The majority of these were fatigue initiated, with corrosion fatigue second,
followed by stress corrosion. In another study (Figure 1-7(5)), out of 64 major cracking incidents
reported, the majority were due to stress corrosion followed by corrosion fatigue and fatigue in
about equal numbers. It is noted that some failures were attributed to overload. Thisisrarein
commercial transport history.

Figure |-8 shows the distribution of origins of those failures reported in Figure 1-7(b). The
majority of failures were due to poor quality where cracksinitiated at holes. Materia flaws,
defects, and scratches were second, followed by poor design details.  This magnitude of cracking
incidents also contributed to an Air Force decision to change the design philosophy of their
structures. Prior to thistime, the main philosophy had been a safe-life approach where the design
was based on a full scale fatigue test to four lifetimes.

13 COMPARISON OF OLD AND NEW APPROACHES

This section describes the elements of the older safe-life method (fatigue design) and contrasts it
with the concepts of fracture mechanics and crack propagation that are central to the current
damage tolerance approach. Even though the safe-life approach is not allowed as a basis for
certification of most major transport airframe components, AC 25.571-1 does permit exceptions
in certain cases, and in any caseit is still important to understand the fatigue performance of

structure.
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Figure |-8. Cracking and failure origins.

A wholly empirical ideais fundamental to the old method, whereas the new approach deals with
the physics of the problem. For safe-life, the design objective was to make the time needed to
form acrack longer than the operational life of the structure. Variability in observations of time
that characterizes crack formation (scatter) required the use of factors of safety to ensure a
conservative design. Damage tolerant designs differ in that they have a physical basis, i.e., the
size of acrack. Factorsof safety are still required (e.g., on inspection intervals), but they are
generally smaller than fatigue scatter factors because there is less uncertainty in damage tolerance
assessment.

1-15



SERVICE
INDUCED

CORROSION PITS
AND SCRATCHES

MATERIAL FLAWS,
DEFECTS AND
SCRATCHES

POOR DESIGN

PRE-EXISTINGi
DETAILS MATERIAL &
DESIGN EABRICATION
DEFICIENCIES QUALITY
DEFICIENCIES

POOR
QUALITY HOLES

Figure |-8. Cracking and failure origins.

A wholly empirical ideais fundamental to the old method, whereas the new approach deals with
the physics of the problem. For safe-life, the design objective was to make the time needed to
form acrack longer than the operational life of the structure. Variability in observations of time
that characterizes crack formation (scatter) required the use of factors of safety to ensure a
conservative design. Damage tolerant designs differ in that they have a physical basis, i.e., the
size of acrack. Factorsof safety are still required (e.g., on inspection intervals), but they are
generally smaller than fatigue scatter factors because there is less uncertainty in damage tolerance
assessment.

1-15



developmentsare briefly summarized in Timoshenko' shistory [1-6]. A good summary of recent
(circa 1950 to 1970) fatigue design practicesis given by Osgood [1-7], and a detailed description
of European airframe fatigue design practices has been prepared by Barrois[1-8].

Basic material propertiesin fatigue can be summarized by an “S-N” curve and amodified
Goodmandiagram. The SN curve (Figure|-9) isan empirical description of fatigue life based
on rotating bending or similar tests, where S, isthe amplitude of the applied stresscycleand N is
the expected number of cyclestofailure. The S-N curve describes the material behavior only
under the condition of zero mean stress. For design purposes, the material istested over arange
of stresses corresponding to lives of one cycle at ultimate strength £, to one equivalent to
unlimited duration at the endurance strength £,..

There is actualy no unique S-N curve for any materia. If several nominally identical specimens
are tested at the same stress amplitude, the number of cyclesto faillureis generally different for
each specimen, asindicated by the open-circle symbolsrepresenting individual data pointsin
Figurel-9. The shortest and longest individual life may differ by asmuch asafactor of 10in
some cases. The data points at each stress amplitude are averaged to produce the 50th percentile

SN curveshown inthefigure.

Asthetests are repeated at lower stress amplitude, the individual lives begin to spread out, and
“run-outs’ are obtained in sometests. A run-out isaspecimen that has not failed after the longest
time one is willing to wait. In Figure -9, the run-outs are represented by solid circles with
arrows plotted at N = 2 x10° cycles (the maximum waiting timein this case). As the stress
amplitude is further decreased, the proportion of run-outs increases, and a material “endurance
strength” £, is sometimes defined as the stress amplitude where the run-out proportion reaches
100 percent. Fatigue life is sometimes said to be unlimited at stress amplitudes below £, but,
strictly speaking, all one can say isthat the life at these low stress amplitudes exceeds the test

time.
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The effect of non-zero mean stressis schematically illustrated in Figure |-10. Stresses in service
such as those resulting from aircraft maneuvers are cycles more complex than the ideal laboratory
purealternatingwave. The effect of mean stresses contained in these complex cyclesshifts the
average livesfrom the values expected from S-N data. A modified Goodman diagram is used to
extend the description to cases in which the material is subjected to alternating stress
superimposed upon amean stress.  The usual presentation isin the nondimensional form shownin
Figurel-I 1, where both the alternating stress amplitude S, and mean stress S, are expressed as
fractions of the material’ sultimate staticstrength f,,. Both S-N curve data and experimentally
determined Goodman diagrams for aircraft structural alloys are well documented (see ref. [1-9]).
Figure 1-12 illustrates the Goodman diagram (using unscaled stresses) for 2024-T4 aluminum.

LABORATORY AIRPLANE LOWER WING SKIN
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Figure |-10. Effect of mean stress.

1-18



The effect of non-zero mean stressis schematically illustrated in Figure |-10. Stresses in service
such as those resulting from aircraft maneuvers are cycles more complex than the ideal laboratory
purealternatingwave. The effect of mean stresses contained in these complex cyclesshifts the
average livesfrom the values expected from S-N data. A modified Goodman diagram is used to
extend the description to cases in which the material is subjected to alternating stress
superimposed upon amean stress.  The usual presentation isin the nondimensional form shownin
Figurel-I 1, where both the alternating stress amplitude S, and mean stress S, are expressed as
fractions of the material’ sultimate staticstrength f,,. Both S-N curve data and experimentally
determined Goodman diagrams for aircraft structural alloys are well documented (see ref. [1-9]).
Figure 1-12 illustrates the Goodman diagram (using unscaled stresses) for 2024-T4 aluminum.

LABORATORY AIRPLANE LOWER WING SKIN

S S\ I} MANEUVER
V\ /\ /\ k MATURBULENCE
(A L

v
T
GROUND-AIR-GROUND

- CYCLE

LAB: SM= 0
S\_'

M= Y

s, A

Figure |-10. Effect of mean stress.

1-18



Theforegoing description refersto averagefatiguelife. Inreality, thefatiguelife of agiven
material subjected to given stressesis not a unique property. Each test specimen hasalife which
results from random arrangements of material defects at theatomic scale. Thiseffect is suggested
by the scatter in the data of Figurel-9. A complete description of the material fatiguelife
propertiesthus requires a specification of the life distribution (probability function) aswell asthe
average (50% S-N curve). Although the average information documented in reference [1-9]is
based on numerousindividua specimen tests, life distributions are generally not reported. One
exception isthework done by Weibull, in which the probabilistic approach to fatigue life
description is developed in detail [I-10]. Weibull's book includes examples of life distribution

datafor anumber of aircraft aloys.

Structural component fatigue lives can be estimated by combining a service stress description with
basic material properties. The easiest and most widely used estimation method is linear damage
summation [I-1 1, 1-12]. Both the popularity and limitations of Miner’s Rule stem from its

samplicity:
. For an aternating stress above the endurance strength, damageis linearly proportional to
the number of stresscycles.

Thefully reversed bending (zero mean stress) fatigue curve determines the rel ative rates of
material damage caused by alternating stresses with different amplitudes.

The damage rate is adjusted by means of a modified Goodman or similar diagram for
cycles with non-zero mean stress.

The rate of damage accumulation does not depend upon the sequence of different stress

cycles.

* The method is also referred to as Miner’ s rule by engineers engaged in fatigue life estimation in the United
States.
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assumptions that each stress cycle affects the material independently, and that the spectrum at a
stressraiser islinearly scaled from the nominal stress spectrum, Neither assumptionistruein
most service situations, however. Even laboratory experiments have shown that actual life can be
changed simply by rearranging the order of stress cyclesin the spectrum, or that life estimates
scaled from nominal stresses do not agree with the experimental results when the test specimen

contains a notch or ahole[ 1- 15].

Simulated service testing or field experienceisrequired to obtain an accurate estimate of thelife
distribution. When similar structural details are employed in evolving designs (e.g., the evolution
of transport airframes in an individual manufacturer’s product line), the results of testsand field
experience are usua ly fed back to adjust the estimation procedure. Most such adjustments arein
the form of afatigue quality index (FQI) and factor of safety or the use of an S-N curve more
conservative than the average, athough in some cases aerospace companies have devel oped
elaborate empirical nonlinear damage summation procedures to replace Miner's rule.  Such special
procedures may be well calibrated for details similar to that from which they were derived, but
extrapolation to other details can generally be expected to give poor results.

The FQI is used to account for the effects of local stress, by referenceto SN curves obtained
from specimens with standard notches. Each such specimen has a known elastic stress
concentration factor, X, at the root of the notch, as determined by the notch geometry. Since
these specimensfail at the notch root, a plot on a scale of the nomina stress amplitude S, is
considered to characterize the S-N curve for the stress concentration factor X,. (Notched-
specimen S-N curves are generally obtained for K, = 2,3, 4, and 5.)

Figure 1-14 outlines how the FQI is derived from notched-specimen S-N curves. The schematic
represents two replicas of adouble-shear connection detail which isbeing tested in fatigue. The
data points, which represent the results of these tests, are compared graphically with the family of
notched-specimen S-N curvesfor thematerial. In general, the detail will not precisely follow any
one SN curve, but an “effective” K, for the range of stress amplitudes expected in service can be

estimated from the comparison.
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Similar comparisons of datafrom aM| scale fatigue test of an airframe provide effective K, values
for typical fastener details. These values are referred to as fatigue quality indices because they
reflect the effects of detail design and fabrication quality, aswell as geometric stress
concentration. For example, K, = 3 for the stress at the edge of an open circular hole in askin
under tension, but the FQI ranges from 3.5 to 4.5 for filled fastener holesin typical transport
arframe details.

O BASE MATERIAL
DETAIL ;3

‘BASE MATERIAL
WITH NOTCH

FQI = 3.5 to 4.5 for typical airframe fastener details

Figure 1-14. Fatigue quality index.

The FQI accounts for what is known about the average effect of fatigue when combined with
realigtic quality. A factor of safety (sometimes also called a*“ scatter factor”) is applied to
estimates of average fatigue life to account for the uncertainties. Theseinclude the previously
mentioned random effects of material behavior and differences of actual service loadsfrom the
loads assumed for the purpose of estimating fatigue life (Figure 1-15). Fatigue factors of safety
from 3to 5 (but in some cases as high as 8) have historically been used to estimate airframe safe
life.
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1.3.2 Damage Tolerance Assessment (DTA) Approach

The case histories presented in Section 1.1 show why in modern structural design attention is
focused on crack propagation life. Originally, the term damage tolerance meant the ability to
endure sudden damage, for example, penetration of afuselage by a propeller blade without
catastrophic failure. It has come to mean setting life limits, i.e., inspection interval s that are based

on the time for a crack to lengthen or propagate.

The epitome of a damage tolerance problem isillustrated by the failure of the front lower spar cap
of aDC-8-62. A crack in astiffening element was revealed by afuel leak observed after 32,000
hours of service. Examination of the failed region gave a clear impression of the process. A
count of the striationsin the fracture surface indicated the effect of each cycle of loading on the
growth of the flaw, from a small crack to alength large enough to allow fuel to escape. Sucha
pattern isasignature that can be used as forensic evidence to trace size of the crack very nearly
on aflight by flight time scale.

This caseillustrates the importance of three interconnected notions that are the central elements
of FAR 25.571.

Crack propagation: A crack in astructure will increase in size in response to application
of cyclic loads. Asshown schematically in Figure 1-16, growth is negligible when the crack
isvery small. Since these effects are nearly impossible to observe, it can be argued that
some tiny flaws are always present in a structure. An aternative interpretation is that a
small crack is initiated in perhaps 5% of the time range of the diagram due to a
manufacturing flaw or material inclusion and then grows during the greater part of the time
range to failure. As the crack increases in size, increments of extension get larger until a
critical dimension is attained at which the structure fractures in the course of a single cycle

of loading.
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Figurel- 16. Crack growth in responseto cyclic loads.

Residual strength: Thelevel of stressthat will induce rapid fracture is sensitive to the size
of acrack in astructure. Figure 1-17 is a schematic illustration of the inverse relationship
of critical stress and crack length. A structure with a history of few cycles of loading and a
short crack length has the capacity to resist fracture. Thisisindicated in the diagram by the
vertical distance between a level of service stress (dotted line) and the critical stress-crack

length curve. As fatigue loads accumulate, the crack lengthens, reducing the stress level
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Figure1l- 17. Schematic relationship of alowable stressversus crack length.
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to failure. Inspection frequencies must be at intervals that are fractions of expected growth
life to afford the opportunity for corrective action that maintains structural safety if cracks
arefound. The economic feasibility of an inspection plan must consider the cost trade-off
between inspection methods and intervals. As Figure 1-16 suggests, crack growth life for
small cracks detected using an expensive nondestructive inspection (NDI) procedure will be
longer than the interval corresponding to larger crack sizes that are found with less

expensive visual inspection.

A sound knowledge of the principles of fracture mechanicsis needed to perform the damage
tolerance evaluation required by Part 25 of the FAA regulations. With this objective in mind, this
handbook has been planned with aview to providing FAA engineers with appropriate background
in order that they may improve their ability to review manufacturers’ data.

Fracture mechanics can be looked upon from a metallurgical viewpoint or astress analysis
oriented viewpoint. Theformer usualy takes placeafter failure with fractographic analysis of the
fracture surface, for example. Thelatter is primarily associated with the cal culation of crack
growth life and residual strength in order to establish an inspection program to prevent failure.
Sincethe FAA isinvolved in reviewing damage tolerance evaluationsto prevent failures, itis
appropriate here to concentrate on the stress analysis oriented fracture mechanics approach.

The concepts of damage tolerance have been organized into three areas. Chapter 2 begins with a
description of the fundamentals of crack behavior. Theroles played by stress history, crack
geometry, and material propertiesin residual strength assessment are defined and placed in
context. Therelation of these factors to crack growth is the foundation of DTA.

Chapter 3 isdevoted to interpretation of measurements of crack length under cyclic loading. Data
for fatigue crack propagation are rigorous and repeatable, not as scattered as S-N curves that are
based on a concept as imprecise as crack initiation. However, characterization of crack
propagation ratesis still largely empirical; 1aboratory experiments are necessary to determine how
cracks actually grow. In addition, data correlation procedures must be applied to account for
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which is dependent on the geometry of the ellipse. For the limit of acircular hole, p = a
and k,= 3. If wemodel asharp crack as an ellipse for which p — 0 then &; — o0 and an infinite
stress is predicted, which implies that a structure with a crack of any size will immediately fail!

However, we know from experience that practical structural systems such asairplanes,
automobiles, and railroad cars and tracks, have a multitude of cracks and defects, yet they very

rarely fail in use.

It is reported [2-3] that Inglis was not welcomed at professional engineering society meetings for
some yearsafter hispaper was published. Contemporary engineers certainly would have had no
difficulty in recognizing the fact that most structures continued to stand, in defiance of the new
theory, and they should have looked forward to challenging the theoretician. Perhaps they felt
uncomfortable with a stress concentration factor, apparently supported by the principles of
mathematics, but which increased without limit unless one was willing to fearlessly set an arbitrary

minimum on the elusive crack tip radius, p. To take such astep in an affair concerning safe
design practice, with no supporting data, is something most engineers would be reluctant to do.

It later turned out that the engineers' discomfort waswell founded. The stress concentration
factor could not be used reliably for crack problems. A different approach wasneeded. The first
step in the new direction was taken in 1920 by Griffith [2-4], who based his approach on an
energy balance analysis supported by experimental data.

Griffith introduced the idea of a sharp crack as a strength-limiting flaw from the results of a series
of experiments on glass rods. Itisof historical interest to note that Griffith worked for the Royal
Aircraft Establishment in England, and one of hisreasons for examining glass rods was to study
failuresin glasswindshields on airplanes. He measured the breaking strengths of glass rodswhich
were of the same diameter and original length, and he found awide variation in their strengths.
He then continued the experiment on the broken halves of the origina rods, on the halves of the
halves, and so forth, finding that the average breaking strength increased in each trial. He
explained the results by postulating that glass contains surface cracks with randomly distributed
sizes, and that the largest crack in a given specimen determines the strength of the specimen.
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which can be rewritten as
P = kx

where the quantity k = EA/L is called the stiffness of the rod. The equation P = kx is
represented by the straight line with slope k on the graph at the right of Figure 2-3(a).

Another way to interpret this equation isto consider the work done on the rod by the applied load
asit simultaneously increases and moves through a distance equal to the stretch.  Since the load is
proportional to the stretch, the work done is represented by the shaded area under the line, or:

Work = %Px = Lpo

1
2
Thiswork is stored in the rod asinternal energy, which can be thought of asareservoir available
to do work elsewhere when it is released.

Thethin plate shown in Figure 2-3(b) behaves in the same manner, i.e., it possesses a stiffness,
k = EA/L determined by its cross-sectional area, length, and Y oung's modulus. The expression of
Hooke' slaw for the plate can also be rearranged in the form:

P _mx

A_EL
or

c = FEg

Thislast equation isjust the expression of Hooke'slaw for the material, in terms of the stress

o =P/Aand straine = x/L. It isaso informative to rearrange the work/energy expression:

Work (energy) = %Px = %(Ac)(Le)
or
Work (energy) = (-;-cs) “L)
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The quantity AL isjust thetotal volume of the plate, and thus we can think of %Ge as the work or
energy stored per unit volume. Substitution of Hooke' slaw providesthe equivalent expressions:

for thisquantity, which isusually referred to as strain energy or strain energy density.

Griffith anayzed a system similar to the previously mentioned uniformly stressed plate, but

considered the plate to have a_pre-existing crack of length 2a as shown in Figure 2-4(a), with the

corresponding load-displacement curve up to load P and displacement x. (The displacement x
refersto the displacement of the load application points, as for example at the grips of atensile
testingmachine.) He then analyzed the change in energy of the system if the crack were to grow

by asmall amount 2Aa with the load application points remaining fixed, i.e., the displacement x
not changing. Asthe crack length increases, the plate becomes less stiff (more flexible) and the

slope of the load displacement curve decreases as shown in Figure 2-4(b). The applied load for

the case of a crack of length 2(a + Aa) then decreases from P to P-AP. The changein energy
storage in the system, the strain energy decrease, is the difference in the two shaded energy

storagetrianglesin Figure 2-4.

Griffith postulated that this release of elastic energy is used to overcome the resistance to crack

growth. Theresistanceis aconsequence of the surface energy required to break interatomic

bonds and form the new crack surface, represented by 2Aa. He reasoned that in order for a crack
to elongate, the rate of strain energy release with crack extension must be equal to (or greater

than) the rate of energy absorption required to overcome the resistance to crack growth.
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Griffith used this energy principle to produce the following simple relation governing the onset of
crack propagation from an existing crack:

o. Ja = constant (2-2)

where o isthe critical stress, aishalf the original crack length, and the constant is a material
property depending on the material surface energy and elastic modulus. Equation (2-2) indicates

that crack extension occursin an ideally brittle material when o J/a reaches a constant critical
value for a given material.

It isimportant to also consider the possibility that the boundaries of the structure can supply
additional energy to make the crack propagate. For example, the flexibility of the testing machine
could add system energy to the crack extension, Therefore, the testing machine should be much
stiffer than the cracked plate being tested. In the fuselage of an aircraft, the pressurized air isaso
a source of additional energy.

The idea behind the energy balance can be explained in a smple and direct manner. If acrackina
body isimagined to extend, then the sum of energy remaining in the body after extension, work
done on the body during the extension, and energy dissipated into irreversible processes occurring
during the extension should equal the energy which was stored in the body before the extension.
Thisis nothing more than a restatement of the fundamental physics principle that work and energy
are equivalent, and that energy cannot be created or destroyed.

A convenient feature of the energy approach to problemsin stress analysisisthat we can take
great liberties with the assumptions we make to define the problem. Taking such libertiesmay
produce asolution in error by alarge numerical factor, but the basic relationships between key
variables are preserved. For example, consider the extension of the crack in the plate depicted in
Figure 2-4. In order to simplify the analysis, we shall make the following assumption about the
stress distribution in the cracked plate (see Figure 2-5).
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Figure 2-5. Plate with a center crack.

Draw acircle on the plate with the crack asits diameter. Assume that the stress o), is equal to

the applied stress o everywhere in the plate outside the circle, that o, = 0 everywhere inside the
circle, and that all the other stress components are zero everywhere. Although thisis not quite

correct, since we expect Stresses o, o, and T, 0 exist near the crack, the assumption quickly
leads to auseful result when it isused in an energy analysis.

Let U, be the strain energy stored in the plate initsinitial state, when the crack length is 2a. In an

earlier example, we saw that the strain energy density in material uniformly stressed by o, = ¢

could be expressed as 62/2E. The total energy is then the product of this density and the volume
of the plate, less the volume in the unstressed circle:

_ o? a2
Ul—ZE[VVLt nat]
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separate areas, and the dissipation rate y. was defined accordingly. Thus, the energy account for
the crack extension is represented by G — y.. We can now argue, as Griffith did, that the
balance of G — 2y, determines whether the crack will actually extend or not. If G isless that 2y.,
then more energy is needed to create the new surface than is released from the elastic storehouse,
and the crack will not extend. Conversely, if G is greater than 2y., the crack will extend

spontaneously, and the difference G — 2y, will be dissipated in other ways (vibration and heating
of the plate, sound, etc.).

The crack will also extend spontaneoudly if just enough energy isreleased, i.e., if G = 2y..
Substituting the expression previously derived for G and rearranging then leads to:

cJa = /——Aﬁye

Thus, we have derived from basic physical principles the result that the strength of a cracked body
is determined by arelationship of the form o Ja = constant.

Griffith’ sanalysiswas similar but was based on the accurately derived Inglis solution[2-2] for the
stress around an dlliptical hole. Conseguently, Griffith was able to find the correct numerical

results:
_ ncla
G = E
oJa = ‘/ Zlftye (2-3)

In 1957, Irwin [2-5] reexamined the problem of the stress distribution around a crack. He used
advanced mathematical methodsto directly model amedium containing an idealized sharp cut,
thus eliminating the crack-tip radius which had made the Inglis ellipse solution so controversial.

In order to understand the character of Irwin’s solution, consider again the thin plate with a

central crack of length 2a and uniform tension ¢, = ¢ applied to the ends. We now focus our

attention on asmall area near one end of the crack, where polar coordinates (r, 6) are centered at
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For the case of acrack length much smaller than the length and width of the plate, Irwin found

that
K, =oJ/rna (2-5)

He thus established a connection between the stressintensity factor and Griffith’s energy release
concept, namely, that the combination o /a isthe essentia factor which determines the strength
of acracked body. Repeating Griffith’s analysis of an imaginary crack extension, he showed that

the stressintensity factor was related to the energy release rate by the formula:

, planestress (2-6)

2
- 21
=%

for thin plates.

Griffith’ sanalysisled to a criterion that the strength of a cracked body is determined by G =G,
where G, is amaterial property. It then follows that an equivalent criterion can be based on the
stress intensity factor:

KI = Kc (2-7)

where X isacritical value based on material, loading, and geometry. In other words, a crack will

propagate when the stressintensity factor reaches the critical value K.,

Irwin also considered the case of abody for which the lateral dimensions are very small compared
to the thickness. The limiting case for such thick bodiesis plane strain condition. The front and
back lateral surfaces of the body are assumed to be rigidly restrained against expansion or
contraction in the through-thickness (z) direction. As aresult, the strain g, is zero and the effect
of Poisson’s ratio induces a through-thickness stress 6, = v(c» + o) when the body is loaded

by stresses o, and o,,, even though these stresses are uniformly distributed through the thickness.
Irwin’s plane strain solution for the cracked plate discussed earlier has the same local stressterms

as those given in equations (2-4), but contains the additional through-thickness stress:
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In the case of plane strain, the relation between the stress intensity factor and the energy release
rateis changed to:

1-v?) K? _
= (v%,pl ane strain 2-9

The elastic stress intensity factor has become one of the most commonly used means of trandlating
material propertiesinto structural behavior. Stressintensity factor solutions for numerous
configurations of cracksin standard laboratory test specimens and cracks near typical structural
details are now available in several handbooks [2-6 to 2-9]. Results are typically presented in the

form
K, = poJma (2-10)

where  isafunction of crack length and key structural dimensions such as plate width.
Formulae for stressintensity factor are determined from analytic procedures (stress analysis) or

experimental techniques (photoelasticity). Sometypical examples of center- and edge-cracked
plates are shown in Figure 2-7. Additional examples are contained in Appendix A. The materia
between the crack tip and the edge of the plate is commonly called aligament. For the
edge-cracked plate shown in Figure 2-7(b), the ligament width is (W- a).

The following simple example based on Figure 2-7 illustrates how the stress intensity factor
concept is applied to find critical crack length. Suppose that alo-inch wide plate is found to
contain an edge crack 2 incheslong. The plateis1/4 inch thick and hasayield strength Y = 39
ksi. Its design limit load is 65,000 pounds, based on 2/3 of the material yield strength. Would the
cracked plate be able to support its design limit load?

A laboratory test is conducted on a smaller specimen of the same material and thickness. The test
specimen is 2 inches wide and contains a central crack 1 inch long. The test specimen fractures at
aload of 10,000 pounds.
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plates are shown in Figure 2-7. Additional examples are contained in Appendix A. The materia
between the crack tip and the edge of the plate is commonly called aligament. For the
edge-cracked plate shown in Figure 2-7(b), the ligament width is (W- a).

The following simple example based on Figure 2-7 illustrates how the stress intensity factor
concept is applied to find critical crack length. Suppose that alo-inch wide plate is found to
contain an edge crack 2 incheslong. The plateis1/4 inch thick and hasayield strength Y = 39
ksi. Its design limit load is 65,000 pounds, based on 2/3 of the material yield strength. Would the
cracked plate be able to support its design limit load?

A laboratory test is conducted on a smaller specimen of the same material and thickness. The test
specimen is 2 inches wide and contains a central crack 1 inch long. The test specimen fractures at
aload of 10,000 pounds.
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Thus, at the point of fracture:

N

1
_ a _ nx0.5)|?
K, = o./ma [se(W):I = 20 1/1cx0.5[sec(———-—2 ):l
K, =298 ksifin = K.
This value of fracture toughnessis amateria property and can be used to estimate the critical

crack length for the edge cracked plate, based on the edge crack formulain Figure 2-7(b). At
design limit load, 5, =2Y = 26 ksi and therefore:

oo TTB(S) = K,

26@3(%) = 298

Calculation with a few trial crack lengths is sufficient to find the critical length:
a=0.3inch

a/W =003
B=112
K,= 26 /nx03 x1.12= 2827 <K,

a=0.4inch

a/W = 0.04
p=113
K,=26ynx04 x113= 32.93>K,
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Figure 2-8. Fracture modes
Thus, any case of interest can be completely described by three stress intensity factors, one for

each basic mode. The near tip stressfield for Mode | was given in equation (2-4). For Mode 1,
the dominant terms near the crack tip are:
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Mode 11 loading has an entirely different character. It induces only shear stresses through the

thickness:
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tendency of contemporary airframe stress engineers to be somewhat uncomfortable with energy as

a basis for ranking structural design details.

On the other hand, the stressintensity factor concept began to be seen asthe basis of a practical
approach. It had the appeal of being something like the stress concentration factor, a concept
long familiar to airframe engineers. It aso eliminated the major difficulty associated with the
Inglis approach by removing the need to assume anything about a crack-tip radius. There
remained a conceptua problem, however, in applying an elastic solution to a problem which was

acknowledged to involve plasticity.

This problem was resolved by arguing that the volume in which plastic deformation occursisonly
asmall part of the volume of the whole structure or test specimen. Thus, most of the strain
energy released by crack extension is still released by elastic unloading, i.e., G or astress intensity
factor based on an elastic analysis still provides agood estimate for the energy availableto drive a
fracture, even though most of that energy is absorbed by plastic deformation.

The elastic solution can also be used to make an estimate of the plastic zone size. Figure 2-9
depictsasimplified model of the plastic zone, which is assumed to be bounded by acircle with
one diameter lying on the x-axis ahead of the crack. The diameter of the circle defines the size of
the plastic zone, and an approximate estimate for its value can be obtained from the local stress
termsinthelrwin solution. The simplest estimatefor Mode | loading is obtained by neglecting all
stresses except o, in equation (2-4) and calculating the polar distance from the crack tip at which
o, reachestheyield strength Y for = 0. This leads directly to:

Tp = ﬁ(%)z (212)

Better estimates of the plastic zone shape can be obtained from numerical stress analysesin which
the effect of yielding istaken into account. Figure 2-10 illustrates the general character of the
plastic zone shape obtained using von Mises criterion in conjunction with an elastic anaysis.
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Also shown isthe effect that yielding would have on the stressredistribution if an elastic-plastic

anaysis was performed.
2.2.1 Plastic Zone Size and the Mises-Hencky Yield Criterion

The size of the plastic zone can be estimated using an elastic solution. All of the stress
components must be taken into account to determine whether the material yield strength has been
exceeded. For ductile materials, the Mises-Hencky criterion is generally accepted as a predictor
of the' onset of yield. It isbased on the premise that the portion of strain energy that causes
change in shape is a measure of the yield strength of a material, Y. Thisnotion can be applied by
ensuring that Y is not exceeded by the value of an equivalent stress:

= JHx -0’ + (0 -0 + 0z - 0" | + 3[xh + 1} + 1L] (2-13)

Material which hasjust reached the yield point (e.g., the plastic zone boundary) is defined by
c=Y,or:

%l:(O'x - 0'y)2 + (O'y - 0'2)2 + (Gz - O'x)z:l + 3[ Tg’y + 1)2)2 + TJZLZ:I = YZ

Plastic zone size estimates can be obtained by substituting the local terms from the Irwin stress
solution in the above equation and solving for the radius r at specific angular positions 8. For
example, from the Mode | plane stress solution given in equations (2-4), the non-zero stress along

0=0ae
K

2nr

Cx = Oy =
Substitution of these stressesinto the previous relation then leads to:
2 2 2
_1_(K1 ) K,J +(K1 _OJ +[0_ KI) _p
2|\ J2nr J2nr J2nr 2nr

K 2
rp = —21—1[(—},[—) (plane stress) (2-14)
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This result happens to be identical to the estimate obtained from o, alone, equation (2-12).
However, a quite different result which includes the effect of Poisson’sratio is obtained for the

case of plane strain:

Cx = Oy = —-KI—, O; = VW(Ox + Oy) = 2%
2nr 2nr
(- 2v)2(K)2
rp = T 71 (2'15)

For aluminum alloys, v =1/3, and the plastic zone size estimate becomes:

, ZL(&)Z
P = 18x\Y

As Figure 2-10 suggests, the distance from the crack tip to the edge of the zone can depend on
theangle (theta). Figure 2-1 1 shows the plastic zone size approximations for plane stress and
plane strain based on von Mises criterion.

plane stress

plane strain

Figure 2-1 1. Plastic zone approximations based on von Mises criterion
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Figure 2-13. CTS stress intensity factor versus crack length.

For example, up to six orientations may be required to fully characterize the material ina
thick-section plate or forging. Figure 2-14 illustrates these orientations and summarizes their
nomenclature. Two letters describe each orientation: the first indicates the direction of loading
and the second the direction of the crack. The test specimen orientation must be specified
because the fracture toughness of the material can be affected by its microstructure. The most
influential orientation factor in the microstructure isthe grain shape. Metal startsasacasting in
which the average grain dimensions are isotropic. In rolled or extruded stock, the grains are
plastically stretched by alarge amount in the rolling or swaging direction and by alesser amount
in the transverse direction for rolled sheet stock. LT and TL are the orientations most commonly
tested to characterize plate stock, since they represent through cracks. TheLSand TS
orientations would best represent surface cracks.

The CTSismachined with anotch designed to act asacrack starter. The specimeniscycled at a
low load level to initiate the crack and extend it to alength within the acceptable range
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the type of load-displacement plot obtained. A candidate fracture toughness value isthen
calculated from the test conditions and results:

Py a
Kp = —fl = 2-16

° T Bw () (19
The candidate fracture toughness value is not accepted as valid unless the crack front criteria

mentioned above are met and, in addition:
Puux/Pg < 1.1

(Ko\®
2.5\7Q) <a

2.5(%) "B (2-17)

The additional criteria ensure that the test has actually produced afast fracture, and that the
smallest significant dimensionsin the test (the crack length and specimen thickness) are at least on

the order of 50 timesthe plane strain plastic zone size.

If al the above criteriaare met, then the candidate K, value is accepted as a valid measurement of
the material’ s plane strain fracture toughness. This property is denoted by the special symbol X,..

|
e
0

max max

LOAD,P

95 (P,
095 (Pix)_

DISPLACEMENT, v ——#
Figure 2-1 5. Load-displacement plot
[Adapted from John M. Barson/Stanley T. Rolfe, Fracture and Fatigue Control in Structures:
Applications of Fracture Mechanics, 2e  © 1987, p 73. Reprinted by permission of Prentice Hall,
Englewood Clifts, New Jersey.]
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Table 2.1 Properties of some common structural materials. (continued)

Titanium
Ti6Al-4V
Equiaxed

Yield
Ti 6Al-6V-2 Sn

Yield
Stainless Sted!
17-7 PH Yield
A286 Yield

Low Alloy Medium Strength Steel

Yield

at

“Long Transverse

0.35% c

0" c
-100" ¢

KIC
130ksi 40-60 ksiJin ~ 44-66 MPa/m
(910 MPa)

KIC
155ks 30-50 ksifin  33-55 MPaJm
(1085 MPa)

KIC
171ks 32 ksi fin 35 MPa Jm
(1180 MPa)

KIC
112ks 152ksifin 167 MPa Jm
(769 MPa)
170 ksi (1175 MPa)
0.65% Mn 0.35%Si 3% Ni
0.3% Mo 0.1% v 0.8% Cr

Kic =110 ksi fin
Kic = 60 ksi\fin

ref)): Application of Fracture Mechanicsfor Selection of Metallic Structural Materials, Eds.
J. E. Campbell, W.W. Gerberich, and J.H. Underwood, ASM 1982.

Sincewithin certain limits, K, .is known for a given material, the engineer can use thisvalueto

predict critical combinations of stressand crack length for many different configurations, once

stressintensity formulas such asthose shown in Figure 2-7 are established.
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inch).” The peak K, value can exceed five times X, for some materials. Hence, the appropriate
K, should be used in damage tolerance analysis. Note that K..is used to denote a K, value
corresponding to plane stress conditions.

The thickness effect can be explained in terms of Griffith's energy balance idea, taking into

account the influence of plastic zone size. Figure 2-17(a) shows how the plastic zone varies
through the thickness of a plate, along the crack front. Since o, must be zero at the stress-free
faces, the surface condition is plane stress, and the plastic zone islarge. Well inside the specimen,

the surrounding elastic material restrains deformation inthe z-direction. If the specimenisthick

enough, the interior deformation is almost totally restrained ( €, &~ 0), the condition is plane
gtrain, and the plastic zone is small. Going inward from the surface, the plastic zone undergoes a

transition from larger to smaller size. The rate at which thistransition progresses is approximately

independent of the total thickness.

Figure 2-17(b) illustrates end views of the plastic zonesin plates of decreasing thickness. Itis
evident that, as the thickness decreases, the ratio of total plastic volume to total thickness
increases. It then follows that the energy absorption rate per unit thickness must increase.
Conversely, the elastic stresses which provide the strain energy storehouse are uniform through
the thickness in most of the plate volume. Thus, the strain energy release rate is approximately
independent of thickness. When these factors are accounted for in the energy balance, it follows
that the thinner the plate, the more applied stress is needed to extend a crack. In other words, the

fracture toughnessincreases.

The plane stress effect leaves behind physica evidence of its presence on the fracture surface.
Under plane stress conditions the fracture plane tends to betilted at a45” angle to the z-axis,
unlike the plane strain condition which produces afracture plane parallel to the z-axis. The tilted
regions are referred to as shear lips (Figure 2-18). Thefracture surface of avalid X, test will

' Stock less than 1/4 inch thick is generally tested in the form of a center cracked panel (Figure 2-7(a)) rather than
aCTS.
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(a) Three-dimensional plastic zone shape.

(b) Plastic volume versus thickness.

Figure 2-17. Plane stress-plane strain transition.
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Figure 2-18. Typical fracture surfaces.

have little or no evidence of shear lips. Conversely, afracture surface with a high percentage of
shear lip indicates that plane stress conditions dominated the fracture.

The foregoing analysis does not explain why X, eventually declines asthe thicknessis decreased
still further. This phenomenon isaresult of anincreasein the strain energy release rate which
overpowers the energy absorption rate increase associated with plane stress conditions. A

complete stress analysis of the region around the crack (not just the crack tip locality) shows that
the stress o IS compressive in the areas above and below the crack (Figure 2-19).

A well-known property of thin plates|oaded in compression is that they will buckle at some
critical stress proportional to the square of theratio of thickness to unsupported span. (The
constant of proportionality depends on the manner in which the edges of the plate are supported.)

Evidently, the areas above and bel ow the crack should behave in the same way, with abuckling
stress proportional to (#a)*. For agiven crack length, it then follows that there will be some
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thickness_, for which the compressive stress o, induced by the crack is just enough to cause
local buckling when the applied stress is high enough to extend the crack. For £ <z_ , buckling

occurs and releases additional strain energy to drive the crack. The thinner the plate or the longer
theinitial crack, the more strain energy is released, and thisiswhy K, declines.

O, =0

y

AR R RS

\AAAAAARAAAAL

Figure 2-19. Lateral compression above and below the crack.

Lateral buckling deflects the areas above and below the crack out of the xy plane, as shown in
Figure 2-20. Thishasthe additional effect of applying asmall amount of Mode 11 [oading to the
crack tips, and fractures of thistype are usually described astearing. Thelateral buckling
phenomenon can be easily observed if load is applied slowly in one of the aluminum foil
experiments with a long initial crack.

2.3.2 Temperature Effects

The fracture toughness of a metal also depends on its temperature when tested. Asits
temperature decreases, ametal becomes |ess able to accommodate the intense crack-tip stresses

by yielding, and the energy absorption rate v, decreases. As aresult, K, is found to decrease
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Figure 2-2 1. Fracture toughness versus temperature.

to deal with such situations. The R-curve method (Section 2.4.1) and the net section failure
criterion (Section 2.4.2) are widely used in the aeronautical industry. Both approaches have
prominent roles in airframe damage tolerance eva uation. Four other approaches, subjects of
theoretical and experimental research for many years, have not yet attracted industry attention but
might be used in the future. The crack opening displacement and “ J-integral” approaches
(Sections 2.4.3 and 2.4.4) are concepts for aternative strength properties used in place of fracture
toughness. The strain energy density criterion (Section 2.4.6) and the plastic collapse model
(Section 2.4.7) are methods for dealing with mixed-mode |oading and three-dimensional cracks.

2.4.1 Resistance Curves

The resistance curve or “R-curve” method was devel oped to provide reliable estimates for the
damage tolerance of plain or stiffened thin-skinned panels[2-13t02-17]. Early attempts to use
the apparent fracture toughness X, (Section 2.3.1) as afracture stability limit analogousto X,
gaveinconsistent results.
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The concept of the R-curve method is that stable crack extension isamaterial property which can
be described as arelation between a stress intensity factor X, (obtained from atest) and crack
extension Aa, independent of the initial crack lengtha,. The actual test is performed by placing a
cracked specimen in a testing machine, increasing the applied load incrementally and allowing
sufficient time between steps for the crack to stabilize before measuring the new load and crack
length. R-curve tests are usually performed on large center-cracked panel specimens.

Consider the case shown in Figure 2-23 for athin sheet of width # containing an initial crack of

length 2a. Asthe applied stressisincreased in steps to 61, 62, 03, €tc., crack lengths 2a,, 2a,,

2a,, etc. are measured. The crack extension at each step Aa is defined as the current value of
a-a,, and K is based on the formulafor stress intensity factor for the center-cracked panel at the

current value of stressand crack length. K, is taken as the value of K, at the onset of unstable
fracture.

This definition sometimes leads to the reporting of the R-curve asymptote asa “critical X" or X,
value. However, K as defined above is not strictly a material property, but also depends on the
initial crack length. Thisissimply a consequence of the fact that the strain energy release rate
depends upon total crack length, rather than crack extension.

A convenient way to visualize thisfact isto overlay the R-curve on aplot of K, versus half crack
length for afixed value of stress. Since the abscissa of the plot ishalf crack length, rather than
crack extension, the base of the R-curve must be aligned with the initial half crack length a,.
Figure 2-24 illustrates K, plotsfor two stresslevels: o, and 62> ¢1. The same R-curve has
been overlaid at two positions: a,, and a,, < a,,, such that each curveisjust tangent to the
corresponding X, plot. Both cases represent fracture onset, i.e., the energy release rate always
equals or exceeds the energy absorption rate represented by the R-curve. However, note that the
K_valuesfor thetwo cases are different. Asindicated by the shaded areas, the elastic energy isat
first released at a slow pace controlled by the rate at which the applied stressisincreased. At the
point of tangency, however, the structure becomes able to release energy faster than the extending
crack can absorb it, and fracture occurs.
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Figure2-24. Dependence of K, on crack length.
2.4.1.1 Graphical Construction of Thin-Section Strength Plots

The following example shows how R-curves can be used to predict the strength of athin sheet or
itscritical crack length for agiven applied stress. A center-cracked panel 20 incheswide and
subject to uniform tension is to be analyzed. The Mode | stressintensity factor for the panel,

K; = o,/nal secza_

is plotted in Figure 2-25(a) as afunction of half crack length, for an applied stresso = 10ksi. IN
Figure 2-25(b) an estimated R-curve s plotted for 1/4-inch thick aluminum. (Thiscurve was

estimated from a curve for |/16-inch thick aluminum and reported K, values for 1/4-inch thick
auminum.)
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The R-curve can now be overlaid and aligned properly on the X, plot over the entire range of half
crack length. Infigure 2-27, the R-curve has been overlaid to find the tangent point, which

correspondsto K, = 105 ksi ,fin . The base of the R-curveislocated at a = 7.6 inches. Thus, the
critical crack length (2a) is 15.2 inches.

1,000 7000
500 ™ m -
200 - 200 |

1 | { 1 ! 1 | - | L1 - | ! ! | ! { 1

0 1 2 3 4 5 6 7 o8 19 21 3 4 5 6 7 8 9
HALF CRACK LENGTH (@) STABLE CRACK GROWTH ( Aa)

Figure2-27. Overlay of K, and K, curvesto determine critical crack length

Figures 2-28 and 2-29 contain enlarged copies of the logarithmic plots. The reader will find it
useful to make a transparency of the enlarged R-curve and repeat the above overlay procedure.
The enlarged X, plot and R-curve overlay should also be used to follow through the rest of the
example.

2-45




The R-curve can now be overlaid and aligned properly on the X, plot over the entire range of half
crack length. Infigure 2-27, the R-curve has been overlaid to find the tangent point, which

correspondsto K, = 105 ksi ,fin . The base of the R-curveislocated at a = 7.6 inches. Thus, the
critical crack length (2a) is 15.2 inches.

1,000 7000
500 ™ m -
200 - 200 |

1 | { 1 ! 1 | - | L1 - | ! ! | ! { 1

0 1 2 3 4 5 6 7 o8 19 21 3 4 5 6 7 8 9
HALF CRACK LENGTH (@) STABLE CRACK GROWTH ( Aa)

Figure2-27. Overlay of K, and K, curvesto determine critical crack length

Figures 2-28 and 2-29 contain enlarged copies of the logarithmic plots. The reader will find it
useful to make a transparency of the enlarged R-curve and repeat the above overlay procedure.
The enlarged X, plot and R-curve overlay should also be used to follow through the rest of the
example.

2-45




1000

100

K
APPLIED

10

|
)%
7
T
.//
=
/ i
L~
//
/
//
I
|
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 8.0 10.

HALF CRACK LENGTH (a)

Figure 2-29. K applied versus crack length

2-47



1000

100

K
APPLIED

10

|
)%
7
T
.//
=
/ i
L~
//
/
//
I
|
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 8.0 10.

HALF CRACK LENGTH (a)

Figure 2-29. K applied versus crack length

2-47



ref

— K¢ =126ksi\in

1,000¢ \
500 F
: 1,000 ¢
200 | 500 [
100 |
F 200 |
v I 50 e e
(log scale)
20 Kr 50
=10ksi 10 pf— — — e g G -25ksi
20 c
5
10 F
2 |- 5 I a=4"
l \ ‘ L L L L l
0 1 2 3 2 10

r 5 & 7 8 9
CRACK LENGTH (a) |,

0

1

3 4 5
STABLE CRACK

6' 7 - 8_‘_‘_
GROWTH ( Aa) 9 10

Figure2-31. Critical stress determinationswith K, and X, curves.

reproduced in Appendix B.
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The above procedure, originally invented by Creager [2-18], allows one to rapidly construct plots

of K, and o, versus crack length. These plots are shown in Figure 2-32 for the 20-inch wide
aluminum panel example.

The R-curve approach is useful and practical for correlating the fracture resistance of typical
arcraft panel-and-stringer construction, but limitations still exist. The most useful applicationis
to damage tolerance assessment of situations involving an isolated long crack, since R-curves are
typically derived from tests of single long cracks in wide panels. However, X, depends on section
thickness aswell as alloy material, and only afew curvesfor afew skin thicknesses have been
published in the open literature. Several examples from references[2-16] and[2-19] have been
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Figure 2-32. K, and ¢ . vs. a for a20-inch aluminum panel.

Another important limitation is that the R-curve does not strictly depend on crack extension

done. What really countsisthe volume of new material that undergoes plastic deformation when
the crack extends. Figure 2-33 illustrates three different examples of what can happen. In
example (a), acrack has extended from an initial length 2a,, much larger than the plastic zone size
to alength 2a, much smaller than the panel width. The contoured areas depict the new plastic
volumes, which are independent of each other and the panel edges.

Example (b) shows what happens when theinitial crack length is of the same order as the plastic
zone size. Example (c) showswhat happens when theinitial crack islong enough to place the
crack tips near the panel edges. In example (b), the two crack-tip stress concentrations reinforce
each other, whilein example (c) the nearby free edge reduces the panel’ s ability to constrain the
deformation. In both cases, the result isalarger plastic volume for the same crack extension asin
example (a), i.e., an R-curve derived from atest of a medium-length crack should not be expected
to characterize the strength of similar bodies with very long or very short cracks.
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2.4.2 The Net Section Failure Criterion

The net section failure criterion hasitsrootsin the traditional static strength design practices used
by the aeronautical industry almost ever sinceairframes have been made from metal. Joints made
with bolts or rivets have always played a prominent role in metal airframes. The skinsor websin
these joints were subject to stress concentration around each fastener hole, but early designers of
metal airframes had neither the modern numerical stress analysis methods nor the computers
which themethodsrequire. Therefore, approximate methods of analysiswhich could be carried
out by hand calculation were highly valued.

The net section failure criterion was one such method. The criterion was based on observations
that ductile metals subjected to concentrated stress tend to reduce the stress when they yield.
There was ample field experience to support these observations. For example, if onefastener ina
joint happened to have an excessive bearing load because parts had been misaligned when the
holes were drilled, the parts would yield under load and deform until the fastener bearing forces

were equalized.

From the foregoing observations, it was a short step to the hypothesis that the elastic stress
concentrations around al of the fastener holesin ajoint would be progressively smoothed out, as
the applied load increased, until the tension across the minimum (“net”) section between the holes
was distributed uniformly just as the stress level reached the material’s ultimate strength. Thus,
the critical load capacity of the joint could be estimated as the product of the net section area and
the ultimate strength.

Figure 2-34 shows how the net section failure criterion is applied to atensile coupon of width W
containing an open hole of diameter D. At low stress, the coupon remains elastic, and a stress

concentration factor of 3isrealized. Asthe applied stressisincreased, yielding progresses from
the edge of the hole until the net section (W- D) ¢ is stressed to the ultimate tensile strength e, .

The critical load isthen estimated asP = o, (W- D) ¢.
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2.4.2.1 Failure Mode Determination and the Feddersen Diagram

When should the net section failure criterion be used in place of the R-curve method to estimate
the strength of a cracked thin sheet? The answer isobtained by comparing the strength plotsfor a

specific situation.

In the example R-curve analysis presented in Section 2.4.1, an R-curve strength plot was
constructed for a1/4-inch thick 2024-T3 sheet 20 incheswide. A reasonable choice for the flow
stress of 2024-T3 aluminum might becy =48 ksi. A net section strength plot based on this flow
stressis shown in Figure 2-35 together with the R-curve strength plot from the preceding section.
It is evident from the comparison that the R-curve strength estimate is unconservative for crack

lengths shorter than 2a = 4 inches and longer than 15 inchesin this case.

O'C(ksi)
5 CENTER-CRACKED PANEL
w=20"1t=1/4"
2024-T3

NET SEW

20 -

HALF CRACK LENGTH a (in)

Figure 2-35. Net section and R-curve strength curves.
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The strength envel ope consisting of the two tangent lines and the included segment of the R-curve
is called a Feddersen diagram. Before an R-curve derived from a panel test is accepted, it should
be verified that theinitial crack length liesin theincluded R-curve segment on the Feddersen
diagram.
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W = 20", ta 1/4"
2024-T3
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Figure2-37. Construction of Feddersen diagram.

2.4.3 Crack Opening Displacement

Determination of the onset of unstable crack propagation by means of measurement of crack
opening displacement is another approach to the problem of fracture with large-scale yielding,
Crack opening displacement (COD)? can be used as a fracture toughness parameter in asimilar
manner to K, i.e., at acritical value of COD a crack will propagate unstably. The advantage of
the COD approach is that COD values can be measured throughout the entire plane strain,
elastic-plastic, and fully plastic behavior regions.

3 The common definition of COD is the displacement at the crack mouth, as measured by means of a clip gauge,
and sometimes called CMOD. However, some models are based on the so-called crack tip opening displacement
(CTOD), whichisactually an extrapolation.

2-56



The strength envel ope consisting of the two tangent lines and the included segment of the R-curve
is called a Feddersen diagram. Before an R-curve derived from a panel test is accepted, it should
be verified that theinitial crack length liesin theincluded R-curve segment on the Feddersen
diagram.

CENTER-CRACKED PANEL
W = 20", ta 1/4"
2024-T3

40

20 -

10 -

|

!

l

|

]

0 1 1 1 1
0 2 4 6
HALF CRACK LENGTH a (in) \
| \

W/3 W/2

Figure2-37. Construction of Feddersen diagram.

2.4.3 Crack Opening Displacement

Determination of the onset of unstable crack propagation by means of measurement of crack
opening displacement is another approach to the problem of fracture with large-scale yielding,
Crack opening displacement (COD)? can be used as a fracture toughness parameter in asimilar
manner to X, i.e., at acritical value of COD acrack will propagate unstably. The advantage of
the COD approach is that COD values can be measured throughout the entire plane strain,
elastic-plastic, and fully plastic behavior regions.

3 The common definition of COD is the displacement at the crack mouth, as measured by means of a clip gauge,
and sometimes called CMOD. However, some models are based on the so-called crack tip opening displacement
(CTOD), whichisactually an extrapolation.

2-56



is based extends to the boundaries of the body, and it has been shown that simple measurements
of plastic work (e.g., the product of applied load and testing machine crosshead travel) are
equivalent toJ. The Jintegral method is occasionally applied in the course of ad hoc assessments
of the integrity of ductile structures but has not been reduced to routine engineering practice.

2.4.5 Practical Developments

As the concept of fracture mechanics began to be widely applied to airframe damage tolerance
evaluation in the early 1970s, the evaluators had to extrapolate the stress intensity factor formulas
in ways not envisioned by the founders of the theory. The problem wasthat cracksin rea
structures often displayed a three-dimensional character, whereas Griffith's energy analysis, Irwin's
stress solution, and most of the related devel opments have afundamentally two-dimensional

nature.

The two-dimensional character is built into the theories by the basic assumptions that the cracked
structure has atwo-dimensional geometry and that the crack extends along itsown line. Thus,
one must deal with through-cracks having flat surfaces in areas of structure where (at least near
the crack) the thicknessis constant and any details such as fastener holes are through-drilled with
no taper or countersink.* Even the simplest of these situations has at least one three-dimensional
aspect: the transition from plane strain to plane stress conditions at the lateral faces of the
structure.  Fortunately, the theories were found to work well enough in practice despite this
inconsistency when empirical modifications were made to account for thickness effects (e.g., the
R-curve method).

Conversely, some of the cracking encountered in real structures introduced other three-
dimensional factorsthat fundamentally contradicted the theoretical assumptions.

* One other valid caseisacircular (“penny-shaped”) internal crack in a body large enough so that free-surface
effects can be neglected. The geometry isstill two-dimensional in this case because of axial symmetry (see Section
2.5).
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Figure 2-38 illustrates some typical examples, and the following paragraphs indicate the ad hoc
nature of the procedures that damage tolerance evaluators had to adopt.

Example (a) isacommon type of fatigue crack which remains flat-surfaced but changes the shape
of itscrack front asit extends. Thisisnot normally aproblem for strength analysis because such
cracks have generally become through-cracks well before reaching critical size. However, the
change of shape does affect the stressintensity factor which must be used to estimate the slow
crack growth life of the flaw under fatigue loads (Chapter 3). The common approach is to patch
two simplified modelstogether: aquarter-circular corner stressintensity factor (Section 2.5) until
the crack radius equals the skin thickness, and a through-crack stressintensity factor thereafter.
(Theligament area between the two “ stages” isimplicitly assumed to have anegligiblelife.)

Example (b) showsaninternal surface flaw in the wall of a high-pressure gascylinder. The
problem in this case involves more than the estimation of critical crack size. A much more serious
question is how long the flaw can bein relation to its depth without risk of bursting the cylinder.
Whatever basic method of strength determination is used (K., R-curve, etc.), the analyst must
still make ajudgment based on a comparison of critical stresses for the assumed flaw and an
equiva ent through-crack of the same length.

Example (c) illustrates atypical through-crack which may be found at the corners of fuselage
frame cutouts. The crack may not be aligned across the frame when it reaches critical size, and so
may change direction when it fractures. In such cases, analysts often resort to straight crack
models which reproduce some key characteristic of the actual crack. Two possible choices are
shown: (1) fracture assumed along the original crack line; or (2) a crack across the tension and
of alength such that the frameis cut to the same height as the actual crack.

While the ad hoc procedures have proved to be useful for making estimates of damage tolerance,
they are not well-founded and require frequent calibration by comparing estimates with test
results. Thislimitation is one reason why researchers continue to devel op theories of fracture
strength such as those summarized in the next two sections.
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Figure2-38. Typical examples of three-dimensional aspects of cracks.
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known behavior of cracks subjected to Mode | loading ( © = 0), but it also gives other crack
extension angles for mixed-mode loading.

CRACK TP
AFTER
A EXTENSION
/ r
{
MINIMUM STRAIN ENERGY DENSITY
CRACKTP MAXIMUM RATIO OF EXPANSION TO SHEAR
BEFORE
EXTENSION

Figure 2-39. Strain energy density criterion.

The amount and character of the crack extension is governed by two parameters which can be
derived from conventional material properties. The critical strain energy density U, is equated to
the area under the elastic-plastic stress-strain curve obtained from atension test (Figure 2-40).
This definition is based on the assumption that the’ tensile stress-strain curve is also the equivalent
plastic stress versus equivalent plastic strain curve (a hypothesis commonly adopted in
elastic-plastic stress analysis). One physical interpretation of U, is that crack extension must
somehow be associated with exhaustion of the ductility of the material around the crack tip.

‘ /TENSILE TEST
STRESS

STRAIN

Figure 2-40. Definition of critical strain energy density.
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The critical strain energy density factor S, is related to the plane strain fracture toughness via the
Irwin solution. Since K, is obtained from atest with pure Mode | loading, it follows from

equation (2-20) that:
S, = ank% (2-25)

A third parameter r, is derived from the first two parameters:

_ Se ]
r, =0 (2-26)

Application of the strain energy density criterion to practical problems requires anumerical
elastic-plastic stress analysisfrom which the strain energy density factor can be calculated. Inany
xy plane like the one shown in Figure 2-40 the criterion is applied by calculating the crack
extension » = S/U,. The extension is considered to be stable aslong asr» < r, , and fracture is
assumed to occur whenr first reachesthe critical value.

The strain energy density criterion isapplied to three-dimensional cracks by repeating the above
anaysisin severa xy planes spaced through the thickness. Sincethe results of the three-

dimensional stress analysis may vary through the thickness, different crack extension values(r, 6)
will generally be calculated for each plane, i.e., the criterion can be used to deal with cracks of

arbitrary shape.
2.4.7 Plastic Collapse Model

The plastic collapse model was originally developed by Erdogan[2-29] to estimate the strength of
high-pressure gas transmission pipelines with surface or interna wall cracks. Gastransmission
pipelines are made of highly ductile steelswhich can be either fracture critical or net section
critical depending on the crack dimensions, wall thickness, and pressure stress levels. The
situation is further complicated by the fact that under typical operating pressuresthe wall area
around the crack tends to bulge outward and distort the local distribution of stress.

2-64



The critical strain energy density factor S, is related to the plane strain fracture toughness via the
Irwin solution. Since K, is obtained from atest with pure Mode | loading, it follows from

equation (2-20) that:
S, = ank% (2-25)

A third parameter r, is derived from the first two parameters:

_ Se ]
r, =0 (2-26)

Application of the strain energy density criterion to practical problems requires anumerical
elastic-plastic stress analysisfrom which the strain energy density factor can be calculated. Inany
xy plane like the one shown in Figure 2-40 the criterion is applied by calculating the crack
extension » = S/U,. The extension is considered to be stable aslong asr» < r, , and fracture is
assumed to occur whenr first reachesthe critical value.

The strain energy density criterion isapplied to three-dimensional cracks by repeating the above
anaysisin severa xy planes spaced through the thickness. Sincethe results of the three-

dimensional stress analysis may vary through the thickness, different crack extension values(r, 6)
will generally be calculated for each plane, i.e., the criterion can be used to deal with cracks of

arbitrary shape.
2.4.7 Plastic Collapse Model

The plastic collapse model was originally developed by Erdogan[2-29] to estimate the strength of
high-pressure gas transmission pipelines with surface or interna wall cracks. Gastransmission
pipelines are made of highly ductile steelswhich can be either fracture critical or net section
critical depending on the crack dimensions, wall thickness, and pressure stress levels. The
situation is further complicated by the fact that under typical operating pressuresthe wall area
around the crack tends to bulge outward and distort the local distribution of stress.
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load is increased in a series of small steps. No provision is made to account for stable crack
extension, but the critical load and failure mode are determined when one of the following two
conditionsisfirst met: (1) the calculated COD reaches the critical value determined from
specimen tests; or (2) the plastic zone grows so rapidly that it would spread through the entire
section containing the crack planeif the load wereincreased again. These two conditions are

analogous to ductile fracture (with no R-curve effect) and net section failure, respectively.
2.5 INTERNAL, SURFACE, AND CORNER CRACKS

Theforegoing discussion hasimplicitly assumed atwo-dimensional configuration of the cracked
body, e.g., askin panel with athrough-thickness crack. The stressfields associated with such
cracks are also two-dimensional for practical purposes (i.e., the stresses are uniform through the
thickness), except for panels subjected to out-of-plane bending loads. In the latter case, a
two-dimensional treatment by means of conventional plate and shell theoriesis alsoappropriate.®

However, many practical cracking situations have a three-dimensional character. Fatigue and/or
corrosion damage generally appearsin the form of small surface or corner cracks. Although these
cracks are not likely to produce immediate fracture under service loads, it isimportant to
characterize their stress intensity factorsfor the purpose of estimating crack growth life (see

Chapter 3).

The basic solution for such situations is the Sneddon formula[2-30] for the stress intensity factor

of acircular (“penny”) crack in an unbounded solid elastic medium:

K, = 20[2 (2-28)

where o isauniform tensile stress applied to the body and directed perpendicular to the plane of
the crack, and aisthe crack radius. Shah and Kobayashi have extended Sneddon’s formula to

$The bending stresses are assumed to be zero at the panel midplane (neutral plane for panel-stringer
combinations) and to vary linearly through the thickness.
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Figure 2-42. Geometries of surface and corner cracks.
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RESOLVING POWER
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CRACK EXTENSION, Aa
Figure 3-1. Argument for relating fatigue crack growth rate to applied stress intensity factor.

Fatigue crack propagation was explained by further assuming that repeated cycles from zero load
to the same stress intensity factor X would cause the same amount of crack extension per cycle.
The extension Aa per cycle was given the special notation da/dN to reflect its interpretation asa

crack growth rate. The notation AK was also adopted in place of K to symbolize the range
(minimum to maximum) of the fatigue loading cycle. Thus, based on the energy concept, fatigue

crack growth rates were expressed in the general form[3-1]:

= C(AKY* (3-1)

SIS

where C isa constant which depends on the material .

If the range of the fatigue stress AS or load AP is kept constant, the crack growth rate should
gradually increase as the lengthening crack increases the stressintensity factor range AK. This
effect was observed in fatigue crack growth experiments[3-2]. An exampleis shown in Figure

3-2.
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where the rate exponent was also treated as a material property.* Equation (3-2) is often called a
Paris equation after the author of the original concept [3-1 and 3-3].

Additional phenomena were discovered as further experiments extended to higher and lower AK
values. At low values, a rapid decline in the crack growth rate was observed, and the

observations led to the idea of athreshold stress intensity factor, K., defining the limit of fatigue
crack propagation.® At high values, arapid increase in crack growth rate was observed.

Additional static tensile stress superimposed on the fatigue stress cycle was a so found to affect
the crack growth rate and threshold stressintensity factor in some materials, as it affects fatigue

life. The stresscyclesin such crack growth rate tests are characterized by the stressrange AS and
the stressratio R:

AS=S -8, (3-3)
_ Smin _ Kuin )
R - Smax - Kmax (3 4)

instead of the older amplitude and mean stress terminology.® Figure 3-3 illustrates the definitions

and relations between the two systems.

* Generally one finds valuesin therange 2 <m <5 for awide variety of aluminum, steel, and titanium alloys.

3 |n practice the threshold is set by how long the experimenter is willing to continue atest. Thetypical limitis
about 10* inch per cycle.

% Note that under the new system, stress ranges from zero to tension correspond to R= 0. If the minimum stress is
also tensile, then Risapositive number between 0 and 1. These are the conditions used in most crack growth rate
tests. Conversely, the older rotating bending fatigue test (alternating tension and compression with zero mean
stress) correspondsto R = -1.
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The next two figures illustrate these phenomena. Figure 3-4 shows the most common graphical
format for presenting the results of acrack growth ratetest. The test data are plotted on

logarithmic scales, log (da/dN) versus log AK, so that arelation like the Paris equation, equation
(3-2), plotsas a straight line with slope m, i.e.,

log (%) =log C+ mlog (AK)

In this case, a line with slope m = 2.3 appears to fit the upper edge of the data band reasonably
well in the slow crack growth rate region. Most of the datain this region falls within afactor of
two scatter band.” (Thisistypical of fatigue crack growth rate data and is much less than the
scatter usually observed in the older fatigue tests for time to crack occurrence.)

Theintercept at AK = 10 ksi J/in is aconvenient point to use for calculating the growth rate
constant C. In this case, the result C = 5 x 10* is obtained from 10 = C (10)** as shown by the

summary at the right hand edge of the plot. Thus, this particular set of test datais represented by:

da . 5.10-8(AK)? ]

N = 5x1073(AK) 3-5)
The small positive stress ratio (R = 0.05) is typically used to investigate behavior near R =0, in
order to avoid specimen misalignment that would occur under slack grip conditionsat R = 0.

Note that the data points near AK = 10 ksi 4/in begin to fall below the scatter band. This
suggests that athreshold stress intensity factor, KTH might have been determined, had the tests

included some results at AK values a bit lessthan 10 ksi /in .

Conversely, the data at AK values exceeding 45 ksi /in follows a trend above the scatter band.
Thisregion of accelerated crack growth rates reflects the transition from slow crack growth to the

stable extension regime in the R-curve (see Section 2.4.1). For this material and thickness, one

7 The more common practice in damage tolerance analysisis to fit the results with a slightly lower line passing
through the average of the slow crack growth rate region.
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would expect an R-curve asymptote of roughly 100 ksi 4/ir , i.e., at about the right position to be
an asymptote for the accelerated crack growth rate trend.®

Figure 3-5 illustrates the effect of stressratio on the crack growth ratesin 7075-T6 specimens. [t
is evident that increasing the stress ratio makes the crack growth rate increase, an effect generally

found in aluminum aloys. The AK axisin this plot islinear, so the rate exponent m cannot be
conveniently determined. When such datais plotted on the common format using logarithmic

scales on both axes, it isusually found that increasing the stressratio: (1) increases the crack
growth rate constant C but does not change the rate exponent m; (2) decreases the threshold
stressintensity factor X,; and (3) decreases the AK value of the accelerated crack growth rate
asymptote.

When the stress ratio has asignificant effect on crack growth rate, the effect is commonly

represented by modifying the Paris equation to the form:

da  CQAK)"
av = 1-R) (3-6)

Equation (3-6) isoften called a Walker equation, after the author who originally proposed the
form[3-4]. For example, taking account of the actual test conditions R = 0.05 for the data shown
in Figure 3-4, one might choose to represent those results by the Walker equation.

da _ 4.76x1073(AK)?3
N - (d-R 3-7)

instead of equation (3-5).

When aWalker equation is used to represent the data near the threshold region, the 1-R factor is
also used to modify the threshold stress intensity factor if it has not been measured at different

stress retios.  The estimated threshold valueis given by (1-R)X,,,, where K, isthe value of the

¥ A similar test of athicker specimen with a higher R-curve asymptote would be expected to have aslow growth
region extending to higher AK values.
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threshold stressintensity factor at R=0. Thisformulaisbased on the assumption that the

maximum stressintensity factor controlsthe threshold phenomenon.

One other useful form isthe modified Walker equation [3-5]:

da _ C(AK)" ]
dv = (1- Ry (3-8)

wherep is another empirical constant. Thisform is particularly useful for representing data from

tests with awide variation of stress ratios.

Literally dozens of empirical equations have been proposed for the purpose of fitting the

da/dN - AK plot. Many of these equations are elaborate attemptsto fit the entire plot (threshold,
dow growth, and accelerated regions), in spite of the fact that most crack growth analyses require

consideration of only one (or at most two) of the three behavior regions.

In addition to the Paris and Walker equations, the following equation proposed by For-man [3-6]
isoften used to fit the slow and accelerated crack growth regions:

da CAK)"
av = (L - K. - AK (3-9)

where K_ represents the accelerated crack growth asymptote.

In Forman's equation the constants C and m are determined by fitting the data at one R, usually at
R=0. Hence, the curves generated by the equation may not fit the experimental datawell for all

other Rratios.

None of the models just described account for the threshold effect. While some of the more
elaborate equations do so, the common practice isto combine one of the above equations with the
so-called sharp cutoff threshold model:
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% = 0 for AK < (1 = R)K,, (3-10)

This procedure conservatively overestimates the crack growth rate at AK values above but close
to the threshol d.

Other empirical models have been proposed to represent the 22 versus AK relation. The

dN
modified Forman's equation
da Cl( ~R)"™* AK]” _
dN = [(1-R)"K.~(1-R™" AK}F 119
or
ﬁdﬂ — — \(-1)(m-L) (AK)m _
N C(1 -R) L [(1—RX. — AK] . (3-11b)

was proposed [3.7] to better control the spread of crack growth rate curves by introducing two
additional constants » and L.

Collipriest et al. proposed an inverse hyperbolic tangent equation to represent the sigmoidal
character of the crack growth rate curve[3.8 and 3.9]

AK? }
K.K.(1-R)*
log K./K,

. .
log ‘2% = Ci+ tanh™ (3-12)

where K is the threshold stress intensity factor and C,, C, are constants.

However, with the introduction of new and powerful computers, tabular simulation of da/dN data
is being used more frequently instead of amathematical expression such as the models described
above.

A comprehensive treatment of crack growth rate equationsis given by Swift [3-10].
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Other empirical models have been proposed to represent the 22 versus AK relation. The

dN
modified Forman's equation
da Cl( ~R)"™* AK]” _
dN = [(1-R)"K.~(1-R™" AK}F 119
or
ﬁdﬂ — — \(-1)(m-L) (AK)m _
N C(1 -R) L [(1—RX. — AK] . (3-11b)

was proposed [3.7] to better control the spread of crack growth rate curves by introducing two
additional constants » and L.

Collipriest et al. proposed an inverse hyperbolic tangent equation to represent the sigmoidal
character of the crack growth rate curve[3.8 and 3.9]

AK? }
K.K.(1-R)*
log K./K,

. .
log ‘2% = Ci+ tanh™ (3-12)

where K is the threshold stress intensity factor and C,, C, are constants.

However, with the introduction of new and powerful computers, tabular simulation of da/dN data
is being used more frequently instead of amathematical expression such as the models described
above.

A comprehensive treatment of crack growth rate equationsis given by Swift [3-10].
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Figure 3-7 presents three Paris equations derived by Barsom and Rolfe [3-11] to represent the
three major classes of stedl aloys. Thesealloys generally havelow sensitivity to the stressratio
effect. Martensitic alloys (quenched and tempered ferritic steels) are generally found in
specialized parts requiring very high strength, such aslanding gear struts.

Figure 3-8 summarizes the data for five titanium alloyswith yield strengths from 110 to 150 ksi.
Titanium aloys are usually well represented by the rate exponent m= 5 with the rate constants C
between 102 and 10", asindicated by the superimposed solid lines. (The very large scatter band
inthisfigureisan artifact of the high slopein aplot of alloys having different rate constants.)

Thefollowing groups of plots have been reproduced from reference [3-12] to provide some
typical examples of test results for individual aloys. All of these examples deal with aluminum,
the major material component of airframe structure. The process of establishing da/dN equation
parametersis discussed in relation to each group, and some of the typical problems encountered in
datareduction areillustrated.

Figure 3-9(a), (b) and (c) shows the results of tests on 7075-T6 thin sheet at five different stress
ratios. Note that these results are presented in terms of total crack growth rate d(2a)/dN.’
Therefore, the rate constant C must be divided by afactor of 2 to obtain the correct value for the
da/dN equation. In Figure 3-9(a), the datafor R=0.0 and R = 0.2 appear to lie within the same

scatter band, so asingle line with rate exponent m= 4 has been drawn through the average. This
lineis associated with the majority of the data(R=0). From theintercept at AK = 10ksi yin ,a
rate constant of 5 x 107 isobtained. Thus the correct rate constant for the da/dN equation is:

C=5"12Llo = 2.5¢1071 (3-13)

® In the plots, the customary symbol a is used in place of ¢ to denote the crack length.
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Similar procedures have been followed in Figure 3-9(b) and (c), except that the Walker 1-R factor
has also been used to correct the raw rate constant obtained from the plots:

C- (1 - R)(Raw value)

> (3-14)

Theraw valueisthe C obtained directly from the intercept as given in equation (3-13). The
results shown in the right hand border are for the corrected rate constant C.

The table below compares the results obtained from Figure 3-9 and shows that some anomalies
exist. For example, C for R= 0.5 ismuch larger than the rate constant obtained for the other
stressratios. Isthisareal effect? Closer examination of Figure 3-9(b) casts some doubt on the
validity of the high value. The curvefitter’s eye was obvioudly attracted to the series of data

points at R = 0.5 between AK =5 and AK = 15 ksi J/in . Thisgroup isisolated from the clutter
and seems to characterize the R = 0.5 behavior. Conversely, upon close examination, one can

distinguish many more R= 0.5 data pointsin the R = 0.33 scatter band. Therefore, the anadyst
might reasonably discard the R = 0.5 curve fit and work with the results from the other stress

ratios.

Summary of resultsfor rate constant C obtained from Figure 3-9.

Stressratio, R 0 0.33 05 0.7 0.8
10" ¢ 25 3.35 25.0 75 10.0

Even without the R = 0.5 result, the spread in the other values for C shows that the Walker
equation does not fit this group of datavery well. A good fit should produce C values within 10
percent of each other, in order to allow the use of agroup average. Conversely, the spread in the
abovetableisastrong warning against extrapolation. If aWalker equation is used, the rate
constant should be selected to match the stress ratios expected in the structure when the equation
isapplied.

3-20



On the other hand, the data group (except for R = 0.5) can be reasonably well represented by the
modified Walker equation:

2.5 x10"9(AK)*

da
a]v = (l — R)1 86 (3_15)

Thevalue C = 2.5 x 10" is obtained in this case by modifying equation (3-14), after trial, to the

form:
(1 - R)"*(Raw value)

C = > (3-16)
with the results shown in the table below.
Result of fit with (1- R)"* factor.
Stressratio, R 0 0.33 0.7 0.8 AVG =25
10" ¢ 25 2.37 2.66 2.51

How reliably can any of the da/dN equations derived above represent 7075-T6 thin sheet? Aside
from the doubtful curve fit for R= 0.5, the results appear to come from two test series, and the
number of datapointsisquitelarge. On the other hand, Figure 3-10 shows two 7075-T6 data
sets for somewhat thicker sheet from a different test series. In this case, the C value based on the
R=0.2 datais at least three times the value obtained from the preceding data reduction, and at
R= 0.5 the results agree with the preceding “anomalous’ result! Thiskind of situation can only
be resolved by going back to the data sources to check for errors or procedura differences, or by
getting more data. The lesson to learn from this example is to compare crack growth rate data
from as many independent sources as possible.

Figure 3-1 () through (d) presents a series of plots for 2024-T3 thin sheet at four different stress

ratios. The plotsin Figure 3-1 [(a) come from a different test series than the other plots, and the
two valuesR=0.1 and R= 0.11 are considered to represent the single stressratio R= 0.1 for
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(d) Resultsfor R=0.7.
Figure 3-1 1 (continued). 2024-T3 aluminum (0.09 in. thick) properties.

[Reprinted from Damage Tolerant Design Handbook, 1975, Fig. NAD9, by permission of
Battelle, Columbus, Ohio.] [3-12]
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(d) Resultsfor R=0.7.
Figure 3-1 1 (continued). 2024-T3 aluminum (0.09 in. thick) properties.

[Reprinted from Damage Tolerant Design Handbook, 1975, Fig. NAD9, by permission of
Battelle, Columbus, Ohio.] [3-12]
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[Reprinted from Damage Tolerant Design Handbook, 1975, Figs. NAW48 and NAWA49, by
permission of Battelle, Columbus, Ohio.] [3-12]
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isthen established as afraction of that life, based on a suitable factor of safety. (A companion
analysis of fracture resistanceis a so required to demonstrate that the surrounding structure will
be able to contain the failure.) Estimates for the time to first inspection are based on similar
calculations except that the initial crack size isbased on experience for average production
quality. Theinitial crack size for single-path structure is based on experience for the largest
fabrication flaw expected in any one airframe.

Service load and stress spectra must also be defined in order to estimate life. Just as stress spectra
are specified in terms of mean and alternating stress pairs for fatigue (see Chapter 1), equivalent
spectrafor slow crack growth are specified in terms of stress range and ratio pairs (AS, R). A
complete spectrum for an airframe component usually corresponds to one flight representing a
particular mission profile. For convenience, the spectrum may be arranged in “block” form, i.e.,
with identical pairs AS, R grouped together, unless a precise accounting for the effects of cycle
order is required. The most widely used procedures for crack growth life estimation are based on
direct summing of the crack sizeincrement per cycleor block. The service spectrum is repeated
as often as necessary while the cal culated crack sizeis monitored, until the crack has grown from
initial to critical size.

The crack size increments are calculated from ada/dN equation with parameters chosen to

represent the material properties datain the region of values (AK, R) contained in the service

spectrum.  Since the spectrum is specified in terms of (AS, R), the AK region to be represented
must be separately specified, taking into account the stress intensity factor formula(s) used to

represent the crack:
AKpin = ASmin.ﬂtao F(ao) (3'21)
AKmax = ASmax JTcr F(acr) (3'22)
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Walker equation, for example, the sequence of calculations starting from theinitial crack length

would be as follows:

AK; = AS, J/ma, F(a,)

da _ CAKD"
dN 1-R
ar-a, + nl(%) (3-23)

AK, = AS, Jray F(a1)

da _ C(AKz)m
dN 1-R;
a, = ai + nz(%)

and so forth.

Another variation of this procedure isthe direct sum (spectrum) method, in which the crack

length is only updated after each full spectrum. n this case, the calculation can be done more
efficiently by factoring out the crack length terms as common terms in the expression for Aa for

one compl ete spectrum:

J m
Aa = C[JmaF@]" ¥ ”—{(/fs—’lg (3-24)
j=1 '

Note that, since the sum of stress spectrum terms does not depend on crack length, it need be

calculated only one time.

The direct sum (block) and direct sum (spectrum) methods are prone to lag because the crack
growth rate is progressively underestimated in the second and succeeding stress cycles. Updating
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the crack length at the end of each block or spectrum reduces but does not eliminatethelag. The
error may be insignificant over a few flights but may accumulate to an unconservative level if alife
in the range of 10° to 10° flights is being calculated. When these direct sum methods are being
used in such applications, the lag error should be evaluated by comparing the resultsfor atypical
case with results calculated by the direct sum (cycle-by-cycle) method.

The equivalent SN curve method is an alternative approach that is useful for checking other
results or looking at the effect on life of changesin design or service variables. The basic concept
of the method isto use the da/dN equation to calcul ate a constant-amplitude life N, for each block

(n,, AS, R)inthe spectrum. In other words, N, isthe total number of cycles of (AS, R) that
would be needed to make the crack grow from the initial length a, to the critical length a,,,

assuming that only (AS, R) cyclesare applied. The spectrum crack growth lifeis then estimated
by applying Miner'srule:

Life (number of flights)= % (3-25)

2 (®/N)
j=1

The equivalent S-N curve method receives its name from its resemblance to the way in which the
older safe-life calculations were made, based on S-N fatigue curves. The method was put to
widespread use by the Air Force Logistics Command (AFLC) in the 1970s when the Air Force
began to apply damage tolerance assessment retrospectively to its existing aircraft fleets. The
AFLC adopted the equivalent SN curve method primarily because it was the easiest way to
modify their maintenance scheduling software, which had been based on S-N fatiguelife and

Miner'srule.

If the constant-amplitude crack growth lives N, are accurately cal culated, then the only numerical
error in the equivalent SN curve method comes from spectrum sequence effects.  This source of
error can be understood by considering what would happen to a crack subjected to a spectrum

consisting of only two stress ranges, one small and one large, with enough cycles of each so that
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can be expressed at each step asfollows:

gﬁ. = C3s[ JmarFla))]”  whena=a;
5—;\‘% = CES[,/n(al + Aa) Fla, +Aa):|m whena =a, + A a

& _ ¢ 35 [ Jnar + 280 Flar + 2A0)|" whena=ai+ 2Aa

and so forth. Thetime required for each step can then be approximated as Aa divided by
the average of the rates at the beginning and end of the step, and the approximate total time

is the sum:

Life =

1 éﬂ( 1 + 2 - 1 ]
CZs| 2 [MF(GI)]M [,/n(al + Aa)Fla, + Aa)]m [,/n(az)F(az)]m

The quantity in bracketsis called a crack geometry sum, sinceit containsall of the geometrical
effects from the stressintensity factor model, independent of the stress spectrum sum, =5 .

3.5 INTERACTION EFFECTS AND RETARDATION MODELS

The cycle order in a stress spectrum can influence crack growth lifein amanner similar to its
effect on fatigue life. This phenomenon is called load or stressinteraction, aterm which reflects
the fact that the rate of fatigue damage or crack growth during a particular cycle depends not
only on the stresses in that cycle, but also on the stresses in earlier cycles. Neither the standard
laboratory crack growth rate tests nor the associated rate equations and life estimation methods

account for load interaction.
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whereS,_, isan empirically chosen parameter.™ The crack length increment for the current cycle

isthen calculated by substituting the corresponding parameters AK, ,and R, in the basic rate

equation. This procedureisfollowed until the crack grows completely through the overload zone

(Aa = r,) or another overload cycle is encountered. In the second case, a new overload plastic
zoneis calculated, and the effective stress procedure is restarted.

In spite of itsempirical features, the Willenborg model was at | east based on areasonable physical
concept, and experience in applying the model showed that it was better able to simulate spectrum
retardation than the earlier model. The Willenborg model was also naturally suited for
incorporation into computer programs which estimate life by direct summation of crack length

increment per cycle or block.

The most realistic retardation model developed to date isthe so-called crack closure model
proposed by Elber [3-18, 3-19] and further developed by Newman[3-20]. Elber’s model is based
on the concept of stressreversal in the crack tip plastic zone. Under load, the material in the
plastic zone yields in tension and, under some conditions, may reverse its stress state to
compression whentheload isremoved. A residua state of compression near the crack tip can
keep the crack closed during the first part of a subsequent loading cycle, until sufficient externally
applied tensile stress, S, , isimposed to re-open the crack. It isthen reasonable to argue that the
rate of crack growth should be proportional to an effective stress intensity factor range, AK o4,
associated with the effective stress range ASer = Smax — Sop rather than the nominal range

AS = Smax — Smin. It can aso be argued that Elber’ s model naturally incorporates the stress
ratio effects observed in the standard laboratory tests, and thus, that only a Paris equation need be

used to describe basic crack growth rate properties at stress intensities below the accel erated

region.

The crack closure model requires anumerical analysis of elastic-plastic stress statesin the vicinity of the
crack tip. A line-spring model of the plastic zone is used for this purpose, together with the assumption

BThe reduction stresss,,, must be specified. 1t can be established by fitting the model to the results of isolated overload
tests.
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that the zone is confined to the crack plane [3-20]. The individua spring elements are
represented by elastic — perfectly plastic characteristics with aflow stress determined from the
material tensile strength properties. The model is subjected to enough cycles to represent the
plastic zone residual stress state, and the crack tip is then advanced to represent growth. The
spring elements cut by the advancing crack areleft in the model to represent the plastic zone
wake, and new elements are added to extend the plastic zone itself Additional cycles are then
applied, with the cut elements either in compression or stress-free, to analyze the state of crack
closure. At the beginning of each new cycle, apart of the calculation defines the value of S, for
the cycle.

The crack closure model is able to make reasonable predictions of retardation in cracks growing
under spectrum loads, but the cal culations are much more involved than those required for the
Willenborg model. In practice, the computing burden is often reduced by running the crack
closure calculation infrequently, on the assumption that any trend of opening stress associated
with increasing crack length is slow.

Another practical problem isthat the closer calculations are extremely sensitive to small errorsin
the elastic solution for the distribution of deformations near the crack tip (these deformations
control the behavior of the model spring elements). Consequently, good numerical resultsrequire
either an exact solution or a numerical solution with displacements computed for at least 20 to 30
points within one plastic zone length along the crack surface.
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